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F(x) = ! G
M1M2

"x ! x 2

"x ! x
"x ! x

= ! GM1M2

"x ! x

"x ! x 3
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Sir Isaac Newton (4 de enero de 1643 GR Ð31 de marzo
de 1727 GR) fue un f’sico, fil—sofo, inventor, alquimista y
matem‡tico inglŽs.
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Fi (xi ) = ! GMi M j

xj ! xi

xj ! xi
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! F(x) = G
"x # x

"x # x 3 ! m( "x ) = G
"x # x

"x # x 3 $( "x )! 3 "x

F(x) = G
"x # x

"x # x 3 $( "x )d3 "x%
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! (x) = " G
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$x " x
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( "x # x)2 + ( "y # y)2 + ( "z # z)2( )#1/2

primera linea:   (#1)2( "x # x) #1/ 2( ) ...( )#3/2 *
"x # x

"x # x 3
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F(x) = !
G" ( #x )

#x $ x
d3 #x%

F(x) = $! &(x)
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! "F(x) = G ! "
#x $ x

#x $ x 3 ! ( #x )d3 #x%

! "
#x $ x

#x $ x 3 =
d
dx

#x $ x

( #x $ x)2 + ( #y $ y)2 + ( #z $ z)2( )3/2
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 (-1)(..)-3/2 ! ( "x ! x)2( "x ! x)(! 3/ 2)(..)! 5/2
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! "F(x) = G ! "
#x $ x

#x $ x 3 ! ( #x )d3 #x%

! "
#x $ x

#x $ x 3 =
d
dx

#x $ x

( #x $ x)2 + ( #y $ y)2 + ( #z $ z)2( )3/2
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d
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d
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 (-1)(..)-3/2 ! ( "x ! x)2( "x ! x)(! 3/ 2)(..)! 5/2

= !
3

"x ! x 3 +
3( "x ! x)( "x ! x)

"x ! x 5 = !
3

"x ! x 3 +
3 "x ! x 2

"x ! x 5

si  !x " x podemos cancelar !x # x 2

! "
#x $ x

#x $ x 3 = 0 por  x %x'
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! "F(x) = G#(x) ! "
$x %x

$x %x 3 d3 $x
$

!
x %

!
x &h'

             =%G#(x) ! $x "
$x %x

$x %x 3 d3 $x
$

!
x %

!
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! "F(x)d3x = F(x) "d2S
S(V)#V#



! "F(x) = #G! (x)
$x # x

$x # x 3 "d2 $S
$x #x =h%

d2S= h2d2! = "x # x( ) "x # x d2!

! "F(x) = #G! (x)
$x # x 2

$x # x

$x # x 3 d2%&

             = #G! (x) d2%&
             = #4! G! (x)

reemplazamos F(x) = ! " # (x) y " $" = " 2  (Laplace operador)
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at  ! = 0 :      " # (x) = 0
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RHS:   4! G " d3x = 4! GM#
LHS:   $ 2%d3x = $ %d2S
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• B&O&$&)."\ *() ]
• y = r sinθ sin]
• 6&O&$&*() 𝜃

• r = 𝑥! + 𝑦! + 𝑧!

• 𝜃 = 𝑎𝑟𝑐𝑜𝑠 "
#!$%!$"!

• 𝜑 = 𝑎𝑡𝑎𝑛 %
#

!&

!1%/%"#(&'%&^(1+/%" -&𝑑&𝑥 = 𝑑𝑟 𝑟𝑑𝜃 𝑟𝑠𝑖𝑛𝜃𝑑𝜑
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𝑟!

𝜕
𝜕𝑟

𝑟!
𝜕Φ
𝜕𝑟

+
1

𝑟!𝑠𝑖𝑛𝜃
𝜕
𝜕𝜃

𝑠𝑖𝑛𝜃
𝜕Φ
𝜕𝜃

+
1

𝑟!𝑠𝑖𝑛!𝜃
𝜕!Φ
𝜕𝜑!

= 4𝜋𝐺𝜌
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0
1!

2
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𝑟3 24
21

= 4 𝜋𝐺𝜌
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∇!Φ 𝑟 =
1
𝑟!

𝜕
𝜕𝑟

𝑟!
𝜕Φ
𝜕𝑟

=
1
𝑟
𝜕!

𝜕𝑟!
𝑟Φ

!'

d
dr

r 2 dΦ
dr

⎛
⎝⎜

⎞
⎠⎟
= 2r dΦ

dr
+ r 2 d

2Φ
dr 2

⋅ 1
r 2

1
r 2
d
dr

r 2 dΦ
dr

⎛
⎝⎜

⎞
⎠⎟
= 2
r
dΦ
dr

+ d
2Φ
dr 2

d
dr
rΦ( ) = Φ+ r dΦ

dr
d
dr

d 2

dr 2
rΦ( ) = dΦdr + dΦ

dr
+ r d

2Φ
dr 2

⋅1
r

1
r
d 2

dr 2
rΦ( ) = 2r

dΦ
dr

+ d
2Φ
dr 2
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d
dr

r !( ) = 2! G" 0r
2 + A

r! =
2
3

! G" 0r
3 + Ar + B
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r
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dr 2 r!( ) = 4! G! 0

d2

dr 2 r!( ) = 4! G" 0r

d
dr

r !( ) = 2! G" 0r
2 + A r! =

2
3

! G" 0r
3 + Ar + B

! (r ) =
2
3

! G! 0r
2 + A+

B
r
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r
d 2

dr 2
rΦ( ) = 0 d 2

dr 2
rΦ( ) = 0 d

dr
rΦ( ) = C rΦ = Cr + D

Φ(r) = C + D
r
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2
3

! G" 0r0
2 + A = D

r0
4
3

! G" 0r0 = − D
r0

2

D = − 4π
3
Gρ0r0

3

A = −2πρ0r0
2

Φ r( ) = 2π
3
Gρ0 r

2 − 3r0
2( )      por     r ≤ r0

Φ r( ) = − 4π
3
Gρ0r0

3 1
r

            por     r > r0



!(

!)&%1&,(#%"*.01'%&+"0&/0)0&,+"#+01H,(."#&/0)) I>

9)#*),)#%+%)-#1&#/$)#&,:&() ;+*+'<$&) &,%)8

M =
4!
3

G" 0r0
3

! r( ) = "
GM

r  por     r > r0
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M r( ) =
4!
3

" 0r
3

vc r( ) =
4! G" 0

3
r

T r( ) =
2! r
vc

=
3!

G" 0

= const

d2r
dt2

= !
GM r( )

r 2
= !

4! G" 0

3
r
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Φ r( ) = 2π3 Gρ0 r
2 − 3r2

2( )− 2π3 Gρ0 r
2 − 3r1

2( )
Φ r( ) = 2πGρ0 r12 − r22( ) = const.

./-$-$0$-&1

./-$ -& 0$-$0$-! 1

Φ r( ) =
2!
3
G" 0 r

2 − 3r2
2( )+

4!
3
G" 0r1

3 1
r
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! r( ) =
4!
3

G" 0r1
3 1
r

"
4!
3

G" 0r2
3 1
r

! r( ) = "
4!
3

G" 0 r2
2 " r1

2( ) 1
r

! r( ) = "
GM

r
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A%/() <.)#(-
! = "

GM(r )
r

M r( ) = 4! !r 2" !r( )d !r
0

r

"

! in r( ) = " 4! G
1
r

#r 2! #r( )d #r
0

r

$
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δΦ = 2πGρ r( ) r12 − r22( )
r1
2 − r2

2( ) = r1 + r2( ) r1 − r2( )

r1 → r    r2 → r
r1 + r2 → 2r    r1 − r2 → dr

δΦout = −4πGρ r( )rdr Φout r( ) = −4πG ′r ρ ′r( )d ′r
r

∞

∫
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! r( ) = "
4! G

r
#r 2" #r( )d #r "

0

r

$ 4! G #r
r

%

$ " #r( )d #r

! r( ) = " 4! G
1
r

#r 2" #r( )d #r
0

r

$ + #r
r

%

$ ! #r( )d #r
&

'
(
(

)

*
+
+
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! r( ) = "
GM r( )

r
+ const.

M r( ) = 4! " #r( ) #r 2 d #r
0

r

$
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vc
2 r( ) = r dΦdr =

GM r( )
r
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ve
2 r( ) = 2 Φ r( )
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! r( ) = "
GM

r

vc r( ) =
GM

r

ve r( ) =
2GM

r


